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/01234352 6 78 9:: ;< <; =9>?9@<; 9<A9BC?>; 9DDCE?A; F G8; ;H: A>?;8E; 9<A9BC?>; BCGB; I C8EB?C8 JC8B <9 =9<;G>JA: ;8J JG >ADG<B9B J; E;BB; ;H: A>?;8E;KL M?N 9O ; J MG8 A=A8;N ;8B

ω ∈ Ω ;DB 9:: ;<A G8; >A9<?D9B?C8 J; < MA=A8;N ;8B
ω P CG ;8EC>; =9<;G> J; <9 =9>?9@<;9<A9BC?>; DG> < MA=A8 ;N ;8B

ω K
Q RS TUVWR 6 X8; =9>?9@<; 9<A9BC?>; F =9<;G>D >A;< <;D ;DB <9 JC88A; J MG8; I C8EB?C8

X :
Ω → R

ω 7→ X(ω)

ECN:9B?@<; 9=;E <;D C: A>9B?C8D DG> < M;D: 9E; J;D : CDD?@<;D Ω K
YZRS [\R 6 78 <98E; G8 JA B>9J?B?C88;< A]G?<?@>A F ^ I 9E;D K 78 9:: ;< <; X <; 8GN A>C J; <9 I 9E; C@B;8G; F G8E;>B9?8 <98 E;>K _ E?P < M;8D;N @<; J;D : CDD?@<;D ;DB Ω = {1; 2; 3; 4; 5; 6}P ;B C8 9 JA` 8? 9=;E X G8; =9>?9@<; 9<A9BC?>;>A;< <;P : 9> <9 >;<9B?C8 a b CG> BCGB

ω ∈ ΩP X(ω) = ω.c8 E<9?>P X(1) = 1 P X(2) = 2 P X(3) = 3P X(4) = 4 P X(5) = 5 ;B X(6) = 6 K78 I 9@>?]G; 9?8D? G8; =9>?9@<; 9<A9BC?>;P : G?D]G; <9 =9<;G> J; X
JA: ;8J JG B?>9O ; >A9<?DA KKK

YZRS [\R d X8 e ;G J; f 9D9>J EC8D?DB; F <98E;> G8 JA B>9J?B?C88;< A]G?<?@>A F ^ I 9E;D K L; <98E;G> O 9O8; <9DCNN ; JCG@<; J; <9 =9<;G> J; <9 I 9E; C@B;8G; D? E;< <;gE? ;DB : 9?>;P D?8C8P ?< : ;>J <; JCG@<; J; <9 =9<;G> ?8J?]GA;: 9> <; JAK 78 9:: ;< <; X <; O 9?8P : CD?B?I CG 8AO 9B?I P JG e CG;G> 9: >hD G8 <98E;>K _ E?P < M;8D;N @<; J;D : CDD?@<;D ;DB
Ω = {1; 2; 3; 4; 5; 6}P ;B C8 9 JA` 8? 9=;E X G8; =9>?9@<; 9<A9BC?>; >A;< <;P : 9> <9 >;<9B?C8 a

b CG> BCGB
ω ∈ ΩP X(ω) =

{

2ω P D?
ω ;DB : 9?>

−2ω P D?
ω ;DB ?N:9?> .

c8 E<9?>P X(1) = −2 P X(2) = 4P X(3) = −6P X(4) = 8 P X(5) = −10 ;B
X(6) = 12 K78 I 9@>?]G; 9?8D? G8; =9>?9@<; 9<A9BC?>;P : G?D]G; <9 =9<;G> J; X

JA: ;8J JG B?>9O ; >A9<?DA KKK
YZRS [\R i 78 J?D: CD; J MG8 e ;G J; @;<CB; B>9J?B?C88;< J; jk E9>B;D K 78 B?>; G8; E9>B; J98D E; e ;GP ;B C8 9BB>?@G;F E; B?>9O ; <9 =9<;G>

X
E9<EG<A; DG?=98B <9 >hO <; DG?=98B; a

g D? <9 E9>B; ;DB G8 l DP X =9GB
11 : C?8BD m

g D? <9 E9>B; ;DB G8 nC?P X =9GB
4 : C?8BD m

g D? <9 E9>B; ;DB G8; o 9N ;P X =9GB
3 : C?8BD m

g D? <9 E9>B; ;DB G8 p9<;BP X =9GB
1 : C?8B m

g BCGB;D <;D 9GB>;D E9>B;D =9<;8B
0 : C?8BK78 I 9@>?]G; 9?8D? G8; =9>?9@<; 9<A9BC?>;P : G?D]G; <9 =9<;G> J; X

JA: ;8J JG B?>9O ; >A9<?DA KKK
YZRS [\R q X8 : >CI ;DD;G> : ;G EC8DE?;8E?;GH JAE?J; J; EC>>?O ;> 9?8D? D;D EC: ?;D a DG> DC8 ;DE9<?;> ECN: CDA J;
21

N9>Ef ;DP ]G M?< 9 9G : >A9<9@<; 8GN A>CBA;D J; 0 F 20 P ?< e ;BB; <; : 9]G;B J; EC: ?;DP ;B 9BB>?@G; F Ef 9]G; EC: ?; <98CB; EC>>;D: C8J98B 9G 8GN A>C J; <9 N 9>Ef ;K 78 8CB;
X

<9 8CB; C@B;8G; : 9> <9 EC: ?; J;
b 9G<K _ < ;DB E<9?> ]G;

X
;DB G8; =9>?9@<; rB>hDs 9<A9BC?>;P : G?D]G M?< D M9O ?B J M9BB>?@G;> G8; =9<;G> F

X
r<9 8CB;s P ]G? ;DB <; >ADG<B9B J MG8;;H: A>?;8 E; 9<A9BC?>; r<; <98E;> J; EC: ?;DP ;B <;G> 9BB;>>?DD9O ;s K

t
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/01234352 d X8; =9>?9@<; 9<A9BC?>; J?DE>hB; ;DB G8; =9>?9@<; 9<A9BC?>; ]G? 8; : >;8J ]G; J;D =9<;G>D ]G? : ;G=;8B
%B>; DA: 9>A;D <;D G8;D J; 9GB>;D r9G N C?8D ;8 Bf AC>?;s
QRS TUVWR d b

<GD EC8E>hB;N ;8BP G8; =9>?9@<; 9<A9BC?>; J?DE>hB; ;DB G8; =9>?9@<; 9<A9BC?>; JC8B <;D =9<;G>D
: CDD?@<;D 8; DC8B : 9D ?8` 8?N ;8B : >CEf ;D r9G N C?8D Bf AC>?]G;N ;8Bs K
YZRS [\R & X8 ;H ;N: <; ?N: C>B98B J; =9>9?@<;D 9<A9BC?>;D J?DE>hB;D ;DB I CG>8? : 9> <;D =9>?9@<;D 9<A9BC?>;D : >;898BJ;D =9<;G>D ;8B?h>;DP CG ]G? : ;G=;8B %B>; B>98DI C>N A;D ;8 =9>?9@<;D 9<A9BC?>;D JA` 8?;D DG> <; N %N; G8?=;>DP ;B8; : >;898B ]G; J;D =9<;G>D ;8B?h>;D KlGB>;N ;8B J?BP D?

Ω ;DB < MG8 ?=;>D DG> <;]G;< <9 =9>?9@<; 9<A9BC?>; X ;DB JA` 8?;P 9<C>D C8 : ;GB B>98DI C>N ;> X ;8G8; 9GB>; =9>?9@<; 9<A9BC?>; Y
JA` 8?; DG>

ΩP B;< <; ]G; Y (Ω) ⊂ N
CG Y (Ω) ⊂ N

K ';E? >;=?;8B F J?>; ]G; : CG>BCGB
ω ∈ ΩP Y (ω) ∈ N

CG
Y (ω) ∈ ZYZRS [\R ( X8 e ;G J; f 9D9>J EC8D?DB; F <98E;> G8 JA B>9J?B?C88;< A]G?<?@>A F ^ I 9E;D K 78 8CB; X <; 8CN @>;C@B;8G ;8 E9<EG<98B < M?8=;>D; JG E9>>A JG Ef ?) >; 9* Ef A DG> <; JAK

X ;DB G8; =9>?9@<; 9<A9BC?>; J?DE>hB;P E9> D;D =9<;G>D : CDD?@<;D DC8B +A<C?O8A;D + <;D G8;D J;D 9GB>;D a E;< <;DgE?
=9<;8B ;8 ;) ;B 1 P 1

4
P 1

9
P 1

16
P 1

25
P 1

36
K c 8 : CD98B

Y = X−1 P C8 JA` 8?B G8; 8CG=;< <; =9>?9@<; 9<A9BC?>; DG> < MG8?=;>D
J; < M;H: A>?;8E; r?E?P Ω = {1; 2; 3; 4; 5; 6}s P ;B <;D =9<;G>D : >?D;D : 9>

Y
DC8B ;8B?h>;D r;< <;D =9<;8B ;8 ;) ;B 1P 4 P 9P

16 P 25P CG 36P E; ]G? >;=?;8B F AE>?>; ]G;
Y (Ω) = {1; 4; 9; 16; 25; 36}.

';BB; J;>8?h>; >;<9B?C8 N C8B>; ]G; Y P B>98DI C>N 9B?C8 J; X P 8 ; : >;8J ]G; J;D =9<;G>D ;8B?h>;Ds K
QRS TUVWR i c8 , -. P <;D =9>?9@<;D 9<A9BC?>;D J?DE>hB;D 9G : >CO >9NN ; : >;88;8B BCGB;D J;D =9<;G>D ;8B?h>;DP ;88CN @>; ` 8? r=9>?9@<;D DG?=98B G8; <C? J; , ;>8CG< <? CG @?8/N?9<;s CG ?8` 8? r=9>?9@<; DG?=98B G8; <C? J;

b C?DDC8s K
0 1�� � 23�� ������ �� ��������� ��������
/01234352 i X8 G8?=;>D : >C@9@?@?<?DA ;DB G8 G8?=;>D DG> <;]G;< C8 EC8894B <;D : >C@9@?<?BAD J; Ef 9EG8 J;D A=Ag8;N ;8BD A<AN ;8B9?>;D K
/ 01234352 q .C?B

X
G8; =9>?9@<; 9<A9BC?>; JA` 8?; DG> G8 G8?=;>D : >C@9@?<?DAK 78 9:: ;< <; <C? J; <9 =9>?9@<;9<A9BC?>; <9 JC88A; J; BCGB;D <;D : >C@9@?<?BAD J; >A9<?D9B?C8 J MG8; =9<;G> J;

X
K

Q RS TUVWR q c8 O A8A>9<P C8 : >AD;8B; <9 <C? J MG8; =9>?9@<; 9<A9BC?>; X
J?E>hB; DCGD <9 I C>N ; J MG8 B9@<;9GP ]G?>AE9: ?BG <; <;D =9<;G>D J;D : >C@9@?<?BAD J;D =9<;G>D : >?D;D : 9>

X K
p9<;G>D J; X x1 x2 x3 ... xn

P(X = xi) p1 p2 p3 ... pn

'; B9@<;9G JC?B @?;8 D5> I 9?>; : ;8D;> F E;<G? J MG8; DA>?; DB9B?DB?]G; F G8; =9>?9@<;P : >AD;8BA; : 9> J?DB>?@GB?C8 J;I >A]G;8E;D K
YZRS [\R 6 78 <98E; G8 JA B>9J?B?C88;< A]G?<?@>A F ^ I 9E;D K 78 9:: ;< <;

X
<; 8GN A>C J; <9 I 9E; C@B;8G; F G8E;>B9?8 <98 E;>K _ E?P < M;8D;N @<; J;D : CDD?@<;D ;DB Ω = {1; 2; 3; 4; 5; 6}P ;B C8 9 JA` 8? 9=;E

X
G8; =9>?9@<; 9<A9BC?>;>A;< <;K c 8 E<9?>P X(1) = 1P X(2) = 2 P X(3) = 3P X(4) = 4 P X(5) = 5 ;B

X(6) = 6P ;B <9 <C? J;
X

;DB JC88A; : 9>
X 1 2 3 4 5 6

P(X = xi)
1
6

1
6

1
6

1
6

1
6

1
6YZRS [\R 7 X8 e ;G J; f 9D9>J EC8D?DB; F <98 E;> G8 JA B>9J?B?C88;< A]G?<?@>A F ^ I 9E;D K L; <98E;G> O 9O8; <9 DCNN ;JCG@<; J; <9 =9<;G> J; <9 I 9E; C@B;8G; D? E;< <;gE? ;DB : 9?>;P D?8C8P ?< : ;>J <; JCG@<; J; <9 =9<;G> ?8J?]GA; : 9> <; JAK78 9:: ;< <; X <; O 9?8P : CD?B?I CG 8AO 9B?I P JG e CG;G> 9: >hD G8 <98E;>K L;D =9<;G>D : CDD?@<;D J; X

DC8B
X(1) = −2P

X(2) = 4 P X(3) = −6 P X(4) = 8P X(5) = −10 ;B X(6) = 12 KL9 <C? J; X ;DB JC88A; : 9>
X −10 −6 −2 4 8 12

P(X = xi)
1
6

1
6

1
6

1
6

1
6

1
678 I 9@>?]G; 9?8D? G8; =9>?9@<; 9<A9BC?>;P : G?D]G; <9 =9<;G> J;

X
JA: ;8J JG B?>9O ; >A9<?DA KKK

8



YZRS [\R � 78 J?D: CD; J MG8 e ;G J; @;<CB; B>9J?B?C88;< J; jk E9>B;D K 78 B?>; G8; E9>B; J98D E; e ;GP ;B C8 9BB>?@G;F E; B?>9O ; <9 =9<;G>
X

E9<EG<A; DG?=98B <9 >hO <; DG?=98B; a
g D? <9 E9>B; ;DB G8 l DP X =9GB

11 : C?8BD m
g D? <9 E9>B; ;DB G8 nC?P X =9GB

4 : C?8BD m
g D? <9 E9>B; ;DB G8; o 9N ;P X =9GB

3 : C?8BD m
g D? <9 E9>B; ;DB G8 p9<;BP X =9GB

1 : C?8B m
g BCGB;D <;D 9GB>;D E9>B;D =9<;8B

0 : C?8BKL9 <C? J;
X

;DB JC88A; : 9>
X 0 1 3 4 11

P(X = xi)
16
32

4
32

4
32

4
32

4
32YZRS [\R 6� L9 <C? J; <9 DCNN ; J; J;GH JAD F ^ I 9E;DP B>9J?B?C88;<DP A]G?<?@>ADP ;DB JC88A; : 9> a

X 2 3 4 5 6 7 8 9 10 11 12

P(X = xi)
1
36

2
36

3
36

4
36

5
36

6
36

5
36

4
36

3
36

2
36

1
36QRS TUVWR & o 98D <; E9D C� <9 =9>?9@<; 9<A9BC?>; X

D;>9?B J?DE>hB; N 9?D : >;8J>9?B G8; ?8` 8?BA J; =9<;G>D
(xi)i≥1 P JC88;> <9 <C? J; X

EC8D?DB; F JAB;>N ?8;> <;D : >C@9@?<?BA (pi)i≥1
J; Ef 9EG8 J;D A=A8;N ;8BD

X = xi
K 789 JC8E a : CG> BCGB

i ∈ NP pi = P(X = xi)
K

YZRS [\R 66 'C8D?JA>C8D : 9> ;H ;N: <; <;D <98E;>D DGEE;DD?I D J MG8; : ?hE; A]G?<?@>AK 78 8CB;
X

<; 8GN A>C JG: >;N ?;> <98 E;> ]G? 9N h8;
b ?<;K

78 9
P(X = 1) =

1

2
P P(X = 2) =

1

2
× 1

2
=

1

4
P P(X = 3) =

1

2
× 1

2
× 1

2
=

1

4
P ;B ]G; J; N 98?h>; O A8A>9<;

P(X = k) =
1

2k

K
L9 <C? J; X ;DB JC8E JC88A; : 9> <;D >;<9B?C8D a : CG> BCGB

k ∈ N
∗ P P(X = k) =

1

2k
P CG ;8EC>; : 9> <; B9@<;9G

p9<;G>D J;
X 1 2 3 4 ... k ...

b >C@9@?<?BAD 9DDCE?A;D 1
2

1
4

1
8

1
16 ... 1

2k ...

r� CBC8D ]G; : CG> BCGB
k P 0 ≤ P(X = k) ≤ 1 P ;B ]G; +∞

∑

i=k

P(X = k) = 1 Ks

� � �� ������ � 23�� �������� ��������� ��������
/01234352 & .C?B

X G8; =9>?9@<; 9<A9BC?>; >A;< <; ` 8?; DG> G8 G8?=;>D : >C@9@?<?DAK 78 DG:: CD; ]G; X
9 : CG> <C?

p9<;G>D J; X x1 x2 x3 ... xn

P(X = xi) p1 p2 p3 ... pn

78 9:: ;< <; ;D: A>98E; J; <9 =9>?9@<; 9<A9BC?>; X <; >A;<P 8CBA
E(X)P ;B ]G? =9GB

E(X) = p1x1 + p2x2 + ... + pnxn =

n
∑

i=1

pixi.

QRS TUVWR ( L M;D: A>98E; J; <9 =9>?9@<; 9<A9BC?>; X ;DB <9 N C�;88; J; <9 DA>?; DB9B?DB?]G; J?DE>hB; X P : >AD;8BA;D;<C8 <;D I >A]G;8E;D p1 P p2 P KKKP pn
K

Q RS TUVWR 6 o 98D <; E9D C� <9 =9>?9@<; 9<A9BC?>; X
D;>9?B J?DE>hB; N 9?D : >;8J>9?B G8; ?8` 8?BA J; =9<;G>D

(xi)i≥1 P Ef 9EG8; >;D: ;EB?=;N ;8B 9=;E <9 : >C@9@?<?BA (pi)i≥1 P C8 9JC: B; <9 JA` 8?B?C8 DG?=98B;

E(X) =

+∞
∑

i=1

pixi,

D? E;BB; J;>8?h>; ]G98B?BA ;DB ` 8?;K '; 8CN @>; O A8A>9<?D; 9<C>D E;<G? >;B;8G J98D <9 J À 8?B?C8 : >AEAJ;8B;K78 9JC: B; <9 EC8=;8B?C8 DG?=98B; a D?
(xi)i≥1

;DB G8; DG?B; J; >A;<DP
+∞
∑

i=1

ui := lim
N→+∞

N
∑

i=1

ui.

�



YZRS [\R 6d 'C8D?JA>C8D : 9> ;H ;N: <; <;D <98E;>D DGEE;DD?I D J MG8; : ?hE; A]G?<?@>AK 78 8CB; X <; 8GN A>C JG: >;N ?;> <98 E;> ]G? 9N h8;
b ?<;K

78 9 =G : <GD f 9GB ]G; <9 <C? J; X AB9?B JC88A; : 9> <;D >;<9B?C8D a : CG> BCGB
k ∈ N

∗ P P(X = k) =
1

2k
P CG ;8EC>;

: 9> <; B9@<;9G p9<;G>D J; X 1 2 3 4 ... k ...
b >C@9@?<?BAD 9DDCE?A;D 1

2
1
4

1
8

1
16 ... 1

2k ...

. M?< ;H ?DB;P < M;D: A>98E; J;
X

;DB <; >A;< lim
N→+∞

N
∑

i=1

i

2i

K

'9<EG<C8DP : CG>
N ∈ NP <9 ]G98B?BA N

∑

i=1

i

(

1

2

)i K
78 N C8B>; ;8

b >;N ?h>; ]G;P D?
x 6= 1 ;DB >A;<P

N
∑

i=1

xi =
xN+1 − 1

x − 1
− 1 = f(x) K

b 9> JA>?=9B?C8P : CG>
x 6= 0 ;B

x 6= 1 P ?< =?;8B
f ′(x) =

N
∑

i=1

ixi−1 =
1

x

N
∑

i=1

ixi

J MG8; : 9>BP ;B
f ′(x) =

(N + 1)xN (x − 1) − (xN+1 − 1)

(x − 1)2
=

NxN+1 − (N + 1)xN + 1

(x − 1)2J M9GB>; : 9>BK o C8E
N
∑

i=1

ixi = x.
NxN+1 − (N + 1)xN + 1

(x − 1)2
.

b CG>
x =

1

2
P ?< =?;8B

N
∑

i=1

i

(

1

2

)i

=
1

2
.

N

2N+1 − (N+1)
2N + 1

1
4

= 2

(

N

2N+1
− (N + 1)

2N
+ 1

)

= 2

(

1 − N + 2

2N+1

)

.b CG>
N → +∞P E;BB; ]G98B?BA B;8J =;>D 2 K o C8E

E(X) ;H ?DB;P ;B =9GB
2 K

� �������� �� ��������� � � 23�� �������� ��������� ��������
/01234352 ( .C?B

X
G8; =9>?9@<; 9<A9BC?>; >A;< <; DG> G8 G8?=;>D : >C@9@?<?DAK 78 DG:: CD; ]G;

X
9 : CG> <C?

p9<;G>D J; X x1 x2 x3 ... xn

P(X = xi) p1 p2 p3 ... pn78 DG:: CD; ]G; X
9 : CG> ;D: A>98E; <; 8CN @>;

E(X) K78 9:: ;< <; =9>?98E; J; <9 =9>?9@<; 9<A9BC?>; X <; >A;<P 8CBA
V(X)P ;B ]G? =9GB

V(X) = p1(x1 − E(X))2 + p2(x2 − E(X))2 + ... + pn(xn − E(X))2 =

n
∑

i=1

pi(xi − E(X))2.

78 9:: ;< <; AE9>BgB�: ; J;
X

<; >A;<P 8 CBA
σ(X)P J À 8? : 9>

σ(X) =
√

V(X).

QRS TUVWR 7 L9 =9>?98E; ;B < MAE9>BgB�: ; J; <9 =9>?9@<; 9<A9BC?>; X
DC8B <9 =9>?98E; ;B < MAE9>BgB�: ; J; <9 DA>?;DB9B?DB?]G; J?DE>hB; X P : >AD;8BA; D;<C8 <;D I >A]G;8E;D p1 P p2 P KKKP pn

K
Q RS TUVWR � o 98D <; E9D C� <9 =9>?9@<; 9<A9BC?>; X

D;>9?B J?DE>hB; N 9?D : >;8J>9?B G8; ?8` 8?BA J; =9<;G>D
(xi)i≥1 P Ef 9EG8; >;D: ;EB?=;N ;8B 9=;E <9 : >C@9@?<?BA (pi)i≥1 P C8 9JC: B; <;D J À 8?B?C8D DG?=98B;D

V(X) =
+∞
∑

i=1

pi(xi − E(X))2

�



D? E;BB; J;>8?h>; ]G98B?BA ;DB ` 8?;K '; 8CN @>; O A8A>9<?D; 9<C>D E;<G? >;B;8G J98D <9 J À 8?B?C8 : >AEAJ;8B;K78 9JC: B; <9 N %N; EC8=;8B?C8 ]G; : <GD f 9GB a D?
(xi)i≥1

;DB G8; DG?B; J; >A;<DP
+∞
∑

i=1

ui := lim
N→+∞

N
∑

i=1

ui.

b 9> 9?< <;G>DP C8 : CD; BCGe CG>D
σ(X) =

√

V(X) K
Q RS TUVWR 6� o 98D BCGD <;D E9DP C8 9

V(X) = E
(

(X − E(X))2
)

.

L9 =9>?98 E; ;DB JC8E < M;D: A>98E; J;D AE9>BD E99>AD F < M;D: A>98E;K ';E? JC88; G8 N C�;8 ECNN CJ; J; E9<EG<;> ;8: >9B?]G; <9 =9>?98E; a C8 JAB;>N ?8; <9 <C? J; <9 =9>?9@<; 9<A9BC?>; (X − E(X))2 P ;B C8 ;8 E9<EG<; < M;D: A>98E;K
��05U�S R 6 rJ; �����s .C?B

X G8; =9>?9@<; 9<A9BC?>; >A;< <; J?DE>hB; DG> G8 G8?=;>D : >C@9@?<?DAP 9JN ;BB98B
G8; ;D: A>98E; ;B G8; =9>?98 E;K l <C>D C8 9 a

V(X) = E((X − E(X))2) = E(X2) − E(X)2.
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I

YZRS [\R 6i 'C8D?JA>C8D : 9> ;H ;N: <; <;D <98E;>D DGEE;DD?I D J MG8; : ?hE; A]G?<?@>AK 78 8CB; X <; 8GN A>C JG: >;N ?;> <98 E;> ]G? 9N h8;
b ?<;K

78 9 =G : <GD f 9GB ]G; <9 <C? J; X AB9?B JC88A; : 9> <;D >;<9B?C8D a : CG> BCGB
k ∈ N

∗ P P(X = k) =
1

2k
P CG ;8EC>;

: 9> <; B9@<;9G p9<;G>D J; X 1 2 3 4 ... k ...
b >C@9@?<?BAD 9DDCE?A;D 1

2
1
4

1
8

1
16 ... 1

2k ...

;B ]G; < M;D: A>98E; J;
X

AB9?B
E(X) = 2 K '9<EG<C8D N 9?8B;898B D9 =9>?98 E; ;B DC8 AE9>BgB�: ; m 8CGD 9G>C8D : CG>E;<9 @;DC?8 J; ]G;<]G;D >ADG<B9BD JAN C8B>AD : <GD <C?8 a

�
�� 
 � ?K
b CG> BCGB −1 < x < 1P C8 9 +∞

∑

k=0

xk =
1

1 − x

;B +∞
∑

k=1

xk =
x

1 − x

m

??K
b CG> BCGB −1 < x < 1 P C8 9 +∞

∑

k=1

kxk−1 =
1

(1 − x)2
;B +∞
∑

k=2

k(k − 1)xk−2 =
2

(1 − x)3
K

c 8 9JN ;BB98B <;D >ADG<B9BD J; E; <;NN ;P C8 9 JC8EP ;8 : CD98B
x =

1

2
P

E(X2) =

+∞
∑

k=0

k2xk =

+∞
∑

k=1

k2xk =

+∞
∑

k=1

k(k − 1)xk +

+∞
∑

k=1

kxk =

+∞
∑

k=2

k(k − 1)xk + x

+∞
∑

k=1

kxk−1

= x2
+∞
∑

k=2

k(k − 1)xk−2 + x

+∞
∑

k=1

kxk−1 =
2x2

(1 − x)3
+

x

(1 − x)2
=

2 1
4
1
8

+
1
2
1
4

= 4 + 2 = 6

7>
E(X)2 = 4 K o C8E

V(X) = E(X2) − E(X)2 = 6 − 4 = 2 P ;B
σX =

√
2 K_ < >;DB; F JAN C8B>;> <; <;NN ; a

� URW�R
J

b C?8B
i.

a C8 D9?B ]G; : CG> BCGB
x ∈ RP ;B BCGB

n ∈ NP n
∑

k=0

xk = 1 + x + x2 + ... + xn =
1 − xn+1

1 − x

rDCNN ; J;D
B;>N ;D J MG8; DA>?; O ACN AB>?]G; J; >9?DC8

x
s K

b CG> −1 < x < 1 P lim
n→+∞

xn = 0 P ;B JC8E
+∞
∑

k=0

xk = lim
n→+∞

n
∑

k=0

xk = lim
n→+∞

1 − xn+1

1 − x
=

1

1 − x
.

�



_ < DG?B ?NN AJ?9B;N ;8B ]G; +∞
∑

k=1

xk =

+∞
∑

k=0

xk+1 = x

+∞
∑

k=0

xk =
x

1 − x

K
b C?8B

ii.
a : CG> BCGB

x ∈ RP ;B BCGB
n ∈ NP 1 +

n
∑

k=1

xk =

n
∑

k=0

xk = 1 + x + x2 + ... + xn =
1 − xn+1

1 − x
K

b 9> JAg
>?=9B?C8 ;8

xP ?< =?;8B n
∑

k=1

kxk−1k =
−(n + 1)xn+1(1 − x) + (1 − xn+1)

(1 − x)2
K

b CG> −1 < x < 1 P lim
n→+∞

xn = 0 P ;B
lim

n→+∞
nxn = 0

JC8E
+∞
∑

k=1

kxk−1 = lim
n→+∞

n
∑

k=1

kxk−1 = lim
n→+∞

−(n + 1)xn+1(1 − x) + (1 − xn+1)

(1 − x)2
=

1

(1 − x)2

L M9GB>; : 9>B?; JG : C?8B
ii.

D; JAN C8B>; J; <9 N %N; N 98?h>;P ;8 JA>?=98B G8; 8CG=;< <; I C?D : 9> >9:: C>B F xP ;B;8 : 9DD98B F <9 <?N ?B; DG>
n <C>D]G; −1 < x < 1 Kl ?8D?P C8 9 a

+∞
∑

k=2

k(k − 1)xk−2 =

+∞
∑

k=1

k(k − 1)xk−2 =

+∞
∑

k=1

(

kxk−1
)′

= lim
n→+∞

n
∑

k=1

(

kxk−1
)′

=

(

n
∑

k=1

kxk−1

)′

,

<9 J;>8?h>; ?8AO 9<?BA JAECG<98B J;D : >C: >?ABAD J; <9 JA>?=9B?C8 Ko M9GB>; : 9>BP ECNN ; C8 < M9 =G : <GD f 9GBP
n
∑

k=1

kxk−1k =
−(n + 1)xn+1(1 − x) + (1 − xn+1)

(1 − x)2
=

1 + (n + 1)xn+2 − (n + 2)xn+1

(1 − x)2
,

JC8E
(

n
∑

k=1

kxk−1

)′

=

(

(n + 1)(n + 2)xn+1 − (n + 1)(n + 2)xn
)

(1 − x) + 2(1 − x)
(

1 + (n + 1)xn+2 − (n + 2)xn+1
)

(1 − x)4

=
(n + 1)(n + 2)xn+1 − (n + 1)(n + 2)xn + 2

(

1 + (n + 1)xn+2 − (n + 2)xn+1
)

(1 − x)3

=
(n + 1)(n + 2)xn+1 − (n + 1)(n + 2)xn + 2 + 2(n + 1)xn+3 − 2(n + 2)xn+2

(1 − x)3
.

� 9?8B;898BP <C>D]G; −1 < x < 1 P
lim

n→+∞
(n + 1)(n + 2)xn+1 = lim

n→+∞
(n + 1)(n + 2)xn = lim

n→+∞
2(n + 1)xn+3 = lim

n→+∞
2(n + 2)xn+2 = 0,

JC8E
(

+∞
∑

k=1

kxk−1

)′

= lim
n→+∞

(

n
∑

k=1

kxk−1

)′

=
2

(1 − x)3
,

;B E;E? 9Ef h=; <9 : >;G=; JG : C?8B
ii. I
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/01234352 6 .C?B

X G8; =9>?9@<; 9<A9BC?>; DG> G8 G8?=;>D : >C@9@?<?DAK 78 9:: ;< <; I C8EB?C8 J; >A: 9>B?B?C8 J; X<9 I C8EB?C8
FX :

R → R

t 7→ FX(t) = P(X ≤ t)
.

QRS TUVWR 66 b 9> JA` 8?B?C8P : CG> BCGB
t ∈ RP FX(t) = P(X ∈] −∞; t]) K

YZRS [\R 6q .C?B
X

<9 =9>?9@<; 9<A9BC?>; JC8B <9 <C? ;DB JC88A; : 9>
p9<;G>D J;

X −4 −2 1 5
b >C@9@?<?BAD 9DDCE?A;D 0, 1 0, 3 0, 5 0, 1
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� �� � t � �	����	� �� ���������	�
FX

�� �� �������� �����	��� ��
�����
X

L9 I C8EB?C8 J; >A: 9>B?B?C8
FX

J; X
9JN ;B <9 >;: >AD;8B9B?C8 O>9: f ?]G; E?gJ;DDCGDK

';BB; I C8 EB?C8 J; >A: 9>B?B?C8 ;DB JA` 8?; DG>
R

: 9> <9 DA>?; J; >;<9B?C8D DG?=98B;D a

FX(t) =























0
D?

t ∈] −∞;−4[
0, 1

D?
t ∈ [−4;−2[

0, 4
D?

t ∈ [−2; 1[
0, 9

D?
t ∈ [1; 5[

1
D?

t ∈ [5; +∞[

.

YZRU� 3�R 6 o C88;> <9 I C8EB?C8 J; >A: 9>B?B?C8 J; <9 =9>?9@<; 9<A9BC?>; X ]G? ;DB J À 8?; ECNN ; AB98B <9 =9<;G>C@B;8G; DG> <; JAK
YZRU� 3�R d o C88;> <9 I C8 EB?C8 J; >A: 9>B?B?C8 J; <9 =9>?9@<; 9<A9BC?>; X ]G? ;DB JA` 8?; ECNN ; AB98B <9 DCNN ;J;D <98 E;>D J; J;GH JAD B>9J?B?C88;<D F ^ I 9E;D ;B A]G?<?@>AD K
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� U5[ 5�34 352 i L9 I C8EB?C8 J; >A: 9>B?B?C8
FX

J MG8; =9>?9@<; 9<A9BC?>; J?DE>hB; X
9 <;D : >C: >?ABAD DG?=98B;D a

?K
FX

;DB JA` 8?; DG>
R

m
??K

b CG> BCGB
t ∈ RP 0 ≤ FX(t) ≤ 1

m
???K FX

;DB G8; I C8EB?C8 E>C?DD98B; DG>
R

m
?= K lim

t→−∞
FX(t) = 0 ;B lim

t→+∞
FX(t) = 1

m
= K FX

;DB G8; I C8EB?C8 EC8DB98B; : 9> N C>E;9GH DG>
R

;B D9 >;: >AD;8B9B?C8 : >AD;8B; J;D D9GBD DG> <;D =9<;G>DJ; X P JC8B <9 f 9GB;G> B>9JG?B <9 <C? J; X K
Q RS TUVWR 6d _ < � 9 G8; 989<CO ?; ;8B>; <9 ECG>@; J;D I >A]G;8E;D EGNG<A;D E>C?DD98B;D J MG8; DA>?; DB9B?DB?]G;J?DE>hB; ;B <9 I C8EB?C8 J; >A: 9>B?B?C8 J MG8; =9>?9@<; 9<A9BC?>; J?DE>hB;KL;D : >C: >?ABAD J; < MG8; ;B J; < M9GB>; DC8B ?J;8B?]G;D r=C?> E?gJ;DDGDs P 9?8D? ]G; <;G>D I C>N ;DP N %N ; D? <; >9:: C>B
;8B>; =9>?9@<;D 9<A9BC?>;D ;B DA>?;D DB9B?DB?]G;D ;DB ;8EC>; F : >AE?D;>K

	



QRS TUVWR 6i b CG> G8; =9>?9@<; 9<A9B>C?>; J?DE>hB;P ?< ;DB A]G?=9<;8B J; EC8894B>; D9 <C?P CG D9 I C8EB?C8 J;>A: 9>B?B?C8 a <9 : >C: CD?B?C8 : >AEAJ;8B; ;H: <?]G; ECNN ;8B C@B;8 ?> < MG8 ; F : 9>B?> J; < M9GB>; r<;D J?DEC8B?8G?BAD J;<9 I C8EB?C8 J; >A: 9>B?B?C8 EC>>;D: C8J98B ;H 9EB;N ;8B F <9 <C? J; <9 =9>?9@<; 9<A9BC?>;s K
YZRS [\R 6& .C?B

X
<9 =9>?9@<; 9<A9BC?>; JC8B <9 I C8EB?C8 J; >A: 9>B?B?C8

FX

9JN ;B <9 >;: >AD;8B9B?C8 O>9: f ?]G;E?gJ;DDCGD . 9 <C? ;DB JC88A; : 9> a

� �� � 8 � � ��� ����� �	����	� �� ���������	�
FX

�� �� �������� �����	��� ��
�����
X

�� 
� �	�

p9<;G>D J; X −4 −2 1 5
b >C@9@?<?BAD 9DDCE?A;D 0, 1 0, 3 0, 5 0, 1
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 �/01234352 7 78 9:: ;< <; <C? J; , ;>8CG< <? J; : 9>9N hB>; p ∈ [0; 1] <9 <C? J MG8; =9>?9@<; 9<A9BC?>; rJ?DE>hB;s X
8;: >;898B ]G; J;GH =9<;G>D

0 ;B 1
9=;E

P(X = 1) = p
m JG ECG: P P(X = 0) = 1 − pP >A;< ]G? ;DB 8CBA q K

( 	6 	d Y �[ 0UT2�R R4 �TU3T2�R
��05U�S R q .C?B

X G8; =9>?9@<; 9<A9BC?>; DG?=98B G8; <C? J; , ;>8CG< <? J; : 9>9N hB>; p ∈ [0; 1] K l <C>D C8 9 a
?K L9 <C? J; S ;DB JC88A; : 9> a

p9<;G>D J; X 0 1
b >C@9@?<?BAD 9DDCE?A;D 1 − p p

m
??K L M;D: A>98E; J;

S
;DB JC88A; : 9>

E(S) = p
m

???K <9 =9>?98E; J; S ;DB JC88A; : 9>
V(S) = p(1 − p) = pq P C�

q = 1 − p
m

?= K L MAE9>BgB�: ; J; S ;DB JC88A : 9>
σS =

√

p(1 − p) =
√

pq P C�
q = 1 − p K
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R �TU3T� \R� T\0T453UR� �W3�T24 W2R \53 
R � RU25W\\3
��05U�S R & .C?;8B

X1 P X2 P KKK Xn P n =9>?9@<;D 9<A9BC?>;D ?8JA: ;8J98B;D DG?=98B G8; <C? J; , ;>8CG< <? J; N %N ;: 9>9N hB>; p K 78 EC8D?Jh>; <9 =9>?9@<; 9<A9BC?>; S = X1 + X2 + ... + Xn
K l <C>D a

?K L9 <C? J; S ;DB JC88A; : 9> a : CG> BCGB
0 ≤ k ≤ nP k ;8B?;>P P(Z = k) = Ck

npkqn−k P C�
q = 1 − p

m
??K L M;D: A>98E; J; S ;DB JC88A; : 9>

E(S) = np
m

???K <9 =9>?98E; J; S ;DB JC88A; : 9>
V(S) = npq P C�

q = 1 − p
m

?= K L MAE9>BgB�: ; J; S ;DB JC88A : 9> √
np(1 − p) =

√
npq P C�

q = 1 − p K
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0 ≤ k ≤ n
� � ������� ���

Z = k
�
� �����
� ��� �� ���� �
�

k
���

������

Xi

������ ����

��������
1 ��� �
� ���

� Ck

n

�
	�� �� ��
 ��������
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p
$ �����
 �
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(n − k)
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�����
 ������ ����

����� ���

0
���� ��	��������

q = 1 − p
� � �	�

P(Z = k) = Ck
npkqn−k

�
I

QRS TUVWR 6q . ? <;D
n

=9>?9@<;D 9<A9BC?>;D
X1 P X2 P KKK

Xn

ECJ;8B <;D >ADG<B9BD rAEf 9E CG >AGDD?B;s J; <9 >A: AB?B?C8
n

I C?D J MG8; N %N; ;H: A>?;8 E; 9<A9BC?>; J98D J;D EC8J?B?C8D 9DDG>98B < M?8JA: ;8J98E; J; <;G>D >ADG<B9BDP S
ECN: B;<; 8CN @>; J; DGEEhD EC8DB9BAD J98D <9 DA>?; I C>N A; : 9> <9 >A: AB?B?C8 J; E;BB; ;H: A>?;8E;K

�  � �� .' % � %$', %� .+
( 	d 	6 /01234352 R4 �T
UR 2T4WUR\ 
 �T[[TU34352

 ���� �	� �
� ����� �
 � ����
�� �� �	���� �	��� �� ��


���
 	����
�
 �	�
 � �
� �	���� "�� �� ��	 ��




�����	���
 

���

��
 �� ����� ������
 $ �� �	��	����� �
��
� �
� ��
� �


�
 �	

����
 � �
��
� ��� �����	� �0	


1
$ 	
 �
���� ��� ��� ��
�� 	
 ��


���
 $ �
��
� ��	 ��



 �� �� " �� ����� ��!� ��� 
�� �	� �� ����	
��� ��

��������� �	�
���� �
 �	
�
 �
 ����
 �
�� �	� ���	� ���� �
� �	�� 	����
� �	��� �	� �� �� 
	��� �� ��

��
�
 ��������
 �����	���
 ����� �������
 

�����

�� �	� �� ����	
��� $ ���
� �
� �	

 � ���	�
 ����	���� �����



 �
/01234352 � .C?B

0 ≤ p ≤ 1 K 78 9:: ;< <; <C? , ?8 CN ?9<; J; : 9>9N hB>;D n ;B p <9 <C?P 8CBA; B(n; p)
J MG8; =9>?9@<;9<A9BC?>; X

J?DE>hB; : >;898B <;D n + 1 =9<;G>D ;8B?h>;D J; 0 F nP 9=;E
: CG> BCGB

k ;8B?;>P 0 ≤ k ≤ nP P(X = k) = Ck

npkqn−k,

C�
q = 1 − p K
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0 ≤ p ≤ 1P ;B n ∈ N

K .C?B
X G8; =9>?9@<; 9<A9BC?>; DG?=98B G8; <C? @?8CN ?9<; J; : 9>9N hB>;D

n ;B p r78 8CB; X  B(n; p)
s K l <C>D a

?K L M;D: A>98E; J;
X

;DB JC88A; : 9>
E(X) = np

m
??K <9 =9>?98E; J; X ;DB JC88A; : 9>

V(X) = np(1 − p) = pq P C�
q = 1 − p

m
???K L MAE9>BgB�: ; J;

X
;DB JC88A : 9>

σX =
√

np(1 − p) =
√

npq P C�
q = 1 − p

K
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YZRS [\R 6( L; E<98 N 9` ;GH r +'989< � ?DBC>?]G; +s J; 'AD9> l8O A<? 9=9?B <9 N 9?8 DG> <; B>9* E J; : 9DB?D
I >;<9BAP N 9?D <;D J;DE;8B;D J; : C<?E; C8B ;G >9?DC8 J; <9 : <G: 9>B J; D;D f CNN ;DP 9Ge CG>J MfG? ;N: >?DC88AD DG> <;
'C8B?8 ;8BK 'f 9><�

b 9D]G9<?P <; Ef ;I JG E<98 >?=9< r +'989<
b 9DB9O 9 +s ;8 9 : >C` BAP ;B ECNN ;8E; F EC8EG>>;8E;>J98O ;>;GD;N ;8B <;D 9) 9?>;D J; 'AD9> l8O A<?Ko AE?JA F 8; : 9D : ;>J>; <9 I 9E;P E; J;>8?;> : >C: CD; 10

+EC8B>9BD + F n9CG< pC<I C8 ?P 9<?9D +n9CG<g<9g�9Ef ;BB; +P: CG> JAE?N ;> <; E<98 b 9D]G9<? r10
+EC8B>9BD +P G8 : 9> N C?DP N 9?D : 9D ;8 ABAP E9> ?< I 9?B B>C: Ef 9GJ DG> < M� <; J;

, ;9GBAs K
'; BG;G> F O 9O ;D ;DB DG>BCGB G8 BG;G> F <9 O CNN ;P E9>P ;8 f CNN ; J Mf C88;G>P ?< 8 MGB?<?D; : 9D <;D ;H: <CD?I D : CG>>A9<?D;> D;D +EC8B>9BD + a ?< : >AI h>; <;D N ABf CJ;D B>9J?B?C88;< <;D J M;N @GDE9J; J98D <; N 9]G?D K � 9?DP ECNN ; DC8Ef ;I 'AD9> l8O A<?P n 9CG< 9 =?;?< <? ;8 N %N ; B;N: D ]G; D;D N ABf CJ;DP ;B 9Ge CG>J MfG? C8 ;DB?N ; F 0, 2

D9 : >C@9@?<?BAJ; +J;DE;8J>; + G8; E?@<; <C>D J MG8; B;8B9B?=; J M9DD9DD?89BK
'AD9> l8O A<? 9 : 9> 9?< <;G>D ABA I C>N ;< a ?< 8; JC?B : 9D � 9=C?> : <GD J MG8; B;8B9B?=; J M9DD9DD?89B DG> Ef 9]G; B%B; JGE<98 b 9D]G9<?P E9> ?< I 9GB : CG=C?> I 9?>; E>C?>; F J;D +9EE?J;8BD +K

b 9> 9?< <;G>DP <;D B;8B9B?=;D J; n 9CG<g<9g�9Ef ;BB;DC8B ECG>C88A;D J; DGEEhD CG 8C8P N 9?D BCGe CG>D ?8JA: ;8J9NN ;8B <;D G8;D J;D 9GB>;D K78 8CB; X <; 8CN @>; J; +EC8B>9BD + ]G; n 9CG< D;>9 ;8 N ;DG>; J Mf C8C>;> E;BB; 988A; : CG> <; ECN: B; J; 'AD9>l8O A<?K '; J;>8?;>P @>GB9<;N ;8B DCGE?;GH F < Mf ;G>; J; <9 D?;DB;P 8; : 9>=?;8B : 9D F B>CG=;> <; DCNN ;?<P ;B EC8=C]G;D;D N ;?< <;G>D 9N ?DP : CG> EC8894B>; a
1◦

s <9 : >C@9@?<?BA J; Ef 9EG8; J;D =9<;G>D J; X
m

2◦
s <9 >;8B9@?<?BA J; n9CG<P E M;DBgFgJ?>; <; 8CN @>; N C�;8 J; +EC8B>9BD + ]G M?< D;>9 ;8 N ;DG>; J Mf C8C>;> E;BB;988A; m

3◦
s <9 : >C@9@?<?BA J; >AGDD?> DB>?EB;N ;8B N C?8D J; 2

9DD9DD?89BDP E; ]G? >?J?EG<?D;>9?B <; +'989< � ?DBC>?]G; +JG =?;GH 'AD9> l8O A<? 9GH �;GH JG +'989<
b 9DB9O 9 + J; 'f 9><�

b 9D]G9<? r]G? : >AI h>;P <G?P <;D ;H: <CD?I D KKK ;B8 Mf AD?B;>9?B : 9D F D M;8 D;>=?> D? J M9=;8BG>; <; +'989< � ?DBC>?]G; + D M9=A>9?B B>hD 9) 9?@<?s K l ?J;>;� g=CGD 'AD9>l8O A<? F : >C` B;> ;8` 8 J; D9 D?;DB; >AEC8I C>B98B; �Q0[52�R� �
b CG> >A: C8J>; 9GH ]G;DB?C8D J; 'AD9> l8O A<?P 8CBC8D

Xi
<9 =9>?9@<; 9<A9BC?>; ]G? =9GB

1
D? n9CG<>AGDD?B D9

ighN ; B;8B9B?=; J M9DD9DD?89BP ;B 0
D?8C8 KL; 8CN @>; BCB9< J; +EC8B>9BD + >;N: <?D : 9> n9CG< ;DB 9<C>D

X = X1 + X2... + X10
K 'f 9]G; =9>?9@<; 9<A9BC?>; Xi;DB G8; =9>?9@<; J; , ;>8CG< <? J; : 9>9N hB>; p = 0, 2P ;B <;D Xi

DC8B DG:: CDA;D ?8JA: ;8J98B;D ;8B>;D ;< <;D K o C8E
X

DG?B G8; <C? , ?8CN ?9<;P J; : 9>9N hB>;D 10 ;B 0, 2 K 78 9 JC8E
X  B(10; 0, 2)P E; ]G? D?O8 ?̀ ; ]G;P : CG> BCGB

k = 0; 1; ...; 10 P C8 9
P(X = k) = Ck

10(0, 2)k(0, 8)10−k.
� CGD : CG=C8D JC8E : >AD;8B;> 9G Ef ;I JG +'989< f ?DBC>?]G; + <;D : >C@9@?<?BAD J;D J?=;>D;D =9<;G>D J; X r9>>C8J?;DF 10−3 : >hDs a

p9<;G>D J; X 0 1 2 3 4 5 6 7 8 9 10
b >C@9@?<?BAD 0, 107 0, 268 0, 302 0, 201 0, 088 0, 026 0, 006 0, 001 0 0 0

L; 8CN @>; N C�;8 J; EC8B>9BD 9DDG>AD : 9> n9CG< ;DB
E(X) = 10 × 0, 2 = 2 K c 8` 8P <9 : >C@9@?<?BA : CG> <; +'989<

� ?DBC>?]G; + J; 'AD9> l8O A<? J; D; >?J?EG<?D;> ;8 9DDG>98B DB>?EB;N ;8B N C?8D J; 2
9DD9DD?89BD ;DB

P(X < 2) = P((X = 0) ∪ (X = 1)) = P(X = 0) + P(X = 1) ' 0, 375E9> <;D A=A8;N ;8BD
(X = 0) ;B (X = 1)

DC8B ?8ECN:9B?@<;D K 'AD9> l8O A<? : ;GB %B>; <AO ?B?N ;N ;8B ?8 ]G?;BP N 9?DDC8 >?=9< 'f 9><�
b 9D]G9<? 8 M9 : 9D ;8EC>; <9 N 9?8 DG> <; N 9>Ef A JG : 9DB?D EC>D; J; EC8B>;@98J; �
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λ > 0 K 78 9:: ;< <; <C? J;
b C?DDC8 J; : 9>9N hB>; λ <9 <C?P 8CBA; P(λ)

J MG8; =9>?9@<; 9<A9BC?>;
X

J?DE>hB; : >;898B BCGB;D <;D =9<;G>D ;8B?h>;D 89BG>;< <;D r0P 1 P 2 P 3P KKK ;BEKs P 9=;E
: CG> BCGB

k ;8B?;>P P(X = k) = e−λ
λk

k!
.
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λ > 0 K . C?B
X G8; =9>?9@<; 9<A9BC?>; J?DE>hB; DG?=98B G8; <C? J;

b C?DDC8 J; : 9>9N hB>; λ r788CB; X  P(λ)
s K l <C>D a

?K L M;D: A>98E; J;
X

;DB JC88A; : 9>
E(X) = λ

m
??K <9 =9>?98E; J; X ;DB JC88A; : 9>

V(X) = λ
m

???K L MAE9>BgB�: ; J; X ;DB JC88A : 9>
σX =

√
λ K

( 	i 	q �T \53 
R �53��52 �5S S R \53 \3S 34R
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YZRS [\R 66 o 98D G8; ;8B>;: >?D;P C8 ;DB?N ; ]G; <9 : >C@9@?<?BA : CG> G8 9>B?E<; I 9@>?]GA J M%B>; JAI ;EBG;GH ;DBJ; p = 0, 05 r';BB; =9<;G> 9 ABA C@B;8G; ;8 9EEGNG<98B G8; O>98J; DA>?; J; B;DBDs K 78 : >A<h=; J98D G8 DBCE� J;
80000 : ?hE;D 120

9>B?E<;D K 78 D M?8BA>;DD; 9G 8CN @>; J M9>B?E<;D JAI ;EBG;GH J98D < MAEf 98B?< <C8 : >A<;=AK
� �: CBf hD;D , ?;8 ]G; <; Ef C?H J;D 9>B?E<;D : >A<;=AD D; I 9DD; D98D >;N ?D;P C8 EC8D?Jh>; ]G; <; DBCE� EC8B?;8BDG* D9NN ;8B J M9>B?E<;D : CG> ]G; < MC8 : G?DD; 9DD?N ?<;> E; : >A<h=;N ;8B F G8 B?>9O ; 9=;E >;N ?D;K
';E? >;=?;8B F I C>NG<;> < Mf�: CBf hD; ]G; <; : >A<h=;N ;8B J; 120

9>B?E<;D DG> <;D 80000
8; N CJ?̀ ; : >9B?]G;N ;8B : 9D

<9 ECN: CD?B?C8 O <C@9<; JG DBCE� K
� CJA<?D9B?C8 . CGD <;D f�: CBf hD;D : >AEAJ;8B;DP BCGB D; : 9DD; ECNN ; D? < MC8 : >CEAJ9?B F < M;H: A>?;8 E; DG?=98B; a 78>;B?>; JG DBCE� G8 9>B?E<;P C8 <; B;DB;P C8 >;<h=; D M?< ;DB EC8I C>N ; CG 8C8P ;B C8 <; >;N ;B J98D <; DBCE� K 78 : >A<h=;9<C>D G8; 9GB>; : ?hE;P C8 <9 B;DB;P ;B C8 <9 >;N ;BP ;BEK L M;H: A>?;8E; ;DB JC8E G8; DA>?; J MA: >;G=;D J; , ;>8CG< <??8JA: ;8J98B;DP ;B C8 D M?8BA>;DD; 9G 8CN @>; J MAEf ;ED >;<;=AD J98D <9 DA>?;Kl ?8D?P D?

X
;DB <9 =9>?9@<; 9<A9BC?>; AO 9<; 9G 8CN @>; J M9>B?E<;D JAI ;EBG;GH DG> <9 DA>?; J; 120 : >A<h=;N ;8BDP C8 : ;GB9* >N ;> ]G;
X

DG?B G8; <C? @?8CN ?9<; J; : 9>9N hB>;D
n = 120 P ;B

p = 0, 05 K o ; : <GDP E(X) = np = 120×0, 05 = 6 KLC? @?8CN ?9<;P CG <C? J;
b C?DDC8 � 7@D;>=C8D <;D : >C@9@?<?BAD 9:: >CEf A;D J;D J?=;>D;D =9<;G>D J; X rDG?=98B G8;@?8CN ?9<; B(120; 0, 05)

s P ;B Y rDG?=98B G8;
b C?DDC8 P(6)

s a
k 0 1 2 3 4 5 6 7 8 9 10 11 12

P(X = k) 0, 002 0, 013 0, 041 0, 087 0, 134 0, 163 0, 165 0, 141 0, 105 0, 069 0, 040 0, 021 0, 010
P(Y = k) 0, 002 0, 015 0, 045 0, 089 0, 134 0, 161 0, 161 0, 138 0, 103 0, 069 0, 041 0, 023 0, 01178 EC8DB9B; ]G; <;D <C?D J; X ;B J; Y

DC8B ` 89<;N ;8B 9DD;� : >CEf ;DK
�� ��
� �	�� �	�
������ �
�

X
��

Y
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��05U�S R 7 .C?B
0 ≤ p ≤ 1 P ;B n ∈ N

K . C?B
X G8; =9>?9@<; 9<A9BC?>; DG?=98B G8; <C? @?8CN ?9<; J; : 9>9N hB>;D n;B p K . ?

n ;DB +9DD;� O >98J +P D?
p ;DB +9DD;� : ;B?B + ;B D?

np
8 M;DB +: 9D B>C: O>98J +P 9<C>D C8 : ;GB >9?DC889@<;N ;8BEC8D?JA>;> ]G;

X
DG?B G8; <C? J;

b C?DDC8 J; : 9>9N hB>;
λ = E(X) = np

K
Q RS TUVWR 6& 'C8J?B?C8D GDG;< <;D J M9:: <?E9B?C8 JG Bf AC>hN ; DG> <;D =9<;G>D J; n ;B p

a : CG> ]G; E; Bf AC>hN ;DC?B 9:: <?E9@<;P 9GB>;N ;8B J?B : CG> >A9<?D;> G8; 9DD;� @C88; 9:: >CH ?N 9B?C8 J; X  B(n; p) : 9>
X  P(np)P C8JC?B D; B>CG=;> J98D <;D E9D a

n p np. ?BG9B?C8
1 n ≥ 30 p ≤ 0, 1 np ≤ 15. ?BG9B?C8
2 n ≥ 50 p ≤ 0, 1 np ≤ 10QRS TUVWR 6( 78 8CB;>9 ]G; D?

X
DG?B G8; B(n; p)P C8 9

E(X) = np P ;B ]G;
V(X) = np(1 − p) K

. ? < MC8 >A9<?D; G8; 9:: >CH ?N 9B?C8 J; X : 9>
Y

DG?=98B G8; <C? J;
b C?DDC8 P(λ)P ?< I 9GB g 9G N C?8D g I 9?>; ;8DC>B; ]G; E;BB; J;>8?h>; =9>?9@<; 9<A9BC?>; 9?B G8; ;D: A>98E; ;B G8; =9>?98 E; : >CEf ;D J; E;< <;D J; X K 'CNN ; : 9>9?< <;G>D

E(Y ) = λP ;B ]G;
V(Y ) = λP C8 Ef C?D?B

λ = E(Y ) = E(X) = np K 78 EC8DB9B; 9<C>D ]G;
V(Y ) = λ =

np ' np(1 − p)
D? < MC8 I C>NG<; < Mf�: CBf hD; ]G; p ;DB : >CEf ; J; 0 K
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