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X^ \`SZSY YV[Y`X _`X eZ_`[\X \c`_ _`Xj ]` ]`SXWYc ]` ^ \VfZfW_WYc _Z n VS TYWVS ]co SW` ^ Z\

� V[\ YV[Y
x ∈ R j fX(x) =

1

σ
√

2π
e−

1

2
( x−m

σ )
2

.

RS SVY`
X  N (m; σ)

d
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��� � �� � �<@>;7<@ =2 =2@37;: =2 95 9<7 N (2; 0, 25)

{MN |}~�M � RS Z ]VST `S T_ZW\j ^ V[\ YV[X
a ≤ b

\c`_Xj Ze`T
a ≤ bj

P(a ≤ X ≤ b) =
1

σ
√

2π

∫ b

a

e−
1

2
(x−m

σ )2

dx.

stuvwxwyv Q� gZ _VW N (0; 1)
`XY Z^^ `_c` _VW � V\b Z_` T`SY\c` `Y \c][WY`d �Z ]`SXWYc `XY _Z n VTSYWVS ]co SW` X[\

R
^ Z\ _Z \`_ZYWVS

f(x) =
1√
2π

e−
x
2

2

d

s tuvwxwyv QQ � W
X

`XY [S` eZ\WZf_` Z_cZYVW\` X[WeZSY [S` _VW � V\b Z_`j X
`XY ]WY` eZ\WZf_` Z_cZYVW\` a Z[XXW`SS`d

� W _Z _VW ]`
X

`XY `S ^ _[X T`SY\c` `Y \c][WY`j VS ]WY r[`
X

`XY [S` eZ\WZf_` Z_cZYVW\` a Z[XXW`SS`j T`SY\c` `Y \c][WY`d

��� � �� � �<@>;7<@ =2 =2@37;: =2 95 9<7 N (0; 1)

�  � �-./$% ($ /- /)& ! )+� -/$
�2C92 95 ;5892 =23 4592C63 =2 95 9<7 N (0; 1)

� 2; E<C6 �;62 E6:>73 � >2992 =2 35 �<@>;7<@ =2 6:E56;7;7<@
Π
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(a; b) 7→ 1

σ
√

2π

∫ b

a

e−
1

2
(x−m

σ )
2

dx
� >2 �C7 2IE 97�C2 �C �2@ E65;7�C2 � <@ @2 E2C; �C?62 32 =73E2@326 =2 >2;;2 ;5892
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stuvwxwyv Q� RS SVY`
Π

_Z n VSTYWVS ]` \c^ Z\YWYWVS ] h[S` eZ\WZf_` Z_cZYVW\` X[WeZSY [S` _VW N (0; 1)
d RS Z ]VST

� V[\ YV[Y
t ∈ R j Π(t) = P(X ≤ t).
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{MN |}~�M Q� gZ n VSTYWVS
Π

`XY [S` n VSTYWVS ]` \c^ Z\YWYWVS ] h[S` eZ\WZf_` Z_cZYVW\` k ]`SXWYc � T h̀ XY ]VST [S`
n VSTYWVS T\VWXXZSY`j Ze`T

lim
t→−∞

Π(t) = 0 j lim
t→+∞

Π(t) = 1
d

� }yO y�wx wyv � � V[\ YV[Y
t ∈ Rj Π(−t) = 1 − Π(t)

d

��� � �� � �<C6 ;<C;
t ∈ R

�
Π(−t) = 1 − Π(t)

F

��	
�	

J
�2;;2 E6<E67:;: =:><C92 7AA:=75;2 A2@; =C �57; �C2 95 =2@37;: 533< >7:2 �

Π
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=23 57623 =2 E<6;7<@3 =2 E95@ 37;C:2 3<C3 95 ><C68 2 62E6:32@;5@; 95 =2@37;: F

I

��ty}�N M � �VWY
X

[S` eZ\WZf_` Z_cZYVW\` a Z[XXW`SS` T`SY\c `Y \c][WY`d
Wd � V[\ YV[X

a; b ∈ Rj a ≤ bj VS Z
P(a ≤ X ≤ b) = Π(b) − Π(a) �WWd � V[\ YV[Y

t ≥ 0 j P(−t ≤ X ≤ t) = 2Π(t) − 1 �
��	
�	

J
12 E<7@;

i.
3 �<8;72@; 2@ 62A 56�C5@; = �58<6= �C2 9 �:4:@2A 2@;

(a ≤ X ≤ b)
5 E<C6 ><@;65762 9 �:4:@2A 2@;

(X > b) ∪ (X < a)
� 2; �C2 923 :4:@2A 2@;3

(X > b)
2;

(X < a)
3<@; =73�<7@;3 F 
@ 5 =<@>

P(a ≤ X ≤ b) = 1 − P((X > b) ∪ (X < a))
= 1 − (P(X > b) + P(X < a))
= 1 − P(X > b) − P(X < a)
= P(X ≤ b) − P(X ≤ a)

>56
X

23; ><@;7@C2
= Π(b) − Π(a).

12 E<7@;
ii.

=:><C92 =2 95 E6<E<37;7<@ E6:>:=2@;2 J
t ≥ 0

:;5@; 	I: � <@ 5

P(−t ≤ X ≤ t) = Π(t) − Π(−t) = Π(t) − (1 − Π(t)) = 2Π(t) − 1.
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P(a ≤ X ≤ b)<C 2@><62
P(−t ≤ X ≤ t)

E<C6 =2 ;29923 456758923 59:5;<7623 F
��ty}�N M Q� � VWY

X
[S` eZ\WZf_` Z_cZYVW\` X[WeZSY [S` _VW � V\b Z_` N (m; σ)

d � _V\Xj ^ V[\ YV[X
a; b ∈ Rj _Z

eZ\WZf_` Z_cZYVW\`
aX + b

X[WY [S` _VW � V\b Z_` N (am + b; |a|σ)
d

��	
�	
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�y}yPP|w}M QQ � VWY
X

[S` eZ\WZf_` Z_cZYVW\` X[WeZSY [S` _VW � V\b Z_` N (m; σ)
d � _V\X _Z eZ\WZf_` Z_cZYVW\`

X∗ :=
X − m

σ

X[WY [S` _VW � V\b Z_` N (0; 1)
d

��	
�	

J

@ E<32 =<@>

X∗ =
1

σ
X − m

σ

F � �5E6?3 92 ;B:<6?A 2 E6:>:=2@; �
X∗ 3C7; C@2 9<7 @<6A 592 N

(

1

σ
m − m

σ
; 1

σ
σ
)

=

N (0; 1)
F
I�C;62A 2@; =7; � 79 @ �23; E53 @:>2335762 =2 =623326 =23 ;58 923 =2 ;<C;23 923 9<73 
<6A 5923 � 95 32C 92 ><@@57335@>2 =2
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<6A 592 >2@;6:2 2; 6:=C7;2 E 26A 2; = �2@ =:=C762 ;<C3 923 62@327�@2A 2@; C;7923 � 95 ><@@57335@>2
= �C@2 45675892 59:5;<762 �5C3372@@2 @<@H>2@;6:2 2;�<C @<@ 6:=C7;2 F �<7>7 �C29�C23 5EE97>5;7<@3 E65;7�C23 =2 >2
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KLMN OPM � gZ ^ \V][TYWVS ]` ^ V[Y\`X b cYZ_ _Wr[`X ]` _VSa[`[\ YU cV\Wr[`

2 b qY\`X S` X` n ZWY ^ ZX YV[� V[\X ]`
b ZSWq\` `i ZTY` � [S T`\YZWS SVb f\` ]` ]cn Z[Y ]` ^ \V][TYWVS XVSY X[XT`^ YWf_`X ] hWS� [`\ X[\ _Z _VSa[`[\ \c`_ _`b `SY
VfY`S[` `S o S ] h[XWSZa ` ]` _Z ^ WqT`d � WSXWj XW VS SVY`

X
_Z eZ\WZf_` Z_cZYVW\` r[Wj k TU Zr[` ^ V[Y\` ^ \V][WY`jZXXVTW` XZ _VSa[`[\ \c`_ _`j VS ^ `[Y Z]b `YY\` r[`

X
X[WY [S` _VW � V\b Z_` ]` ^ Z\Zb qY\`X

(2; 0, 01)
d

�`TW XWaSWo ` TVST\qY`b `SY r[`j _V\X ] hcY[]`X XYZYWXYWr[`Xj _ hVfX`\eZYWVS ] h[S a\ZS] SVb f\` ]` ^ WqT`X ^ \V][WY`X
Z TVS][WY k [S b V�`SS` VfX`\ec` ]`

2 bqY\`Xj Ze`T [S cTZ\Y�Y�^ ` ]`
0, 01 b qY\`d RS eV[]\ZWY ]cY`\b WS`\ _Z

^ \VfZfW_WYc ] hZeVW\
X ∈ [1, 98; 2, 02]

d
RS TVbb `ST` ^ Z\ T`SY\`\ `Y \c][W\` _Z eZ\WZf_` Z_cZYVW\`

X j `Y VS TVSXW]q\` _Z eZ\WZf_` Z_cZYVW\`
X∗ :=

X − m

σ
j]VSY VS XZWY r[ h̀ _ _` X[WY [S` _VW � V\b Z_` N (0; 1)

d
RS Z Z_V\X

(1, 98 ≤ X ≤ 2, 02) =

(

1, 98 − m

σ
≤ X − m

σ
≤ 2, 02 − m

σ

)

= (−2 ≤ X∗ ≤ 2),

TZ\
m = 2j `Y

σ = 0, 01
d RS Z ]VST

P(X ∈ [1, 98; 2, 02]) = P(1, 98 ≤ X ≤ 2, 02) = P(−2 ≤ X∗ ≤ 2)
d � ZWX

TVbb `
X∗
 N (0; 1)j VS Z

P(X ∈ [1, 98; 2, 02]) = P(−2 ≤ X∗ ≤ 2) = 2Π(2) − 1 ' 2 × 0, 9772− 1 ' 0, 9544.

KLMN OPM � RS eV[]\ZWY `XYWb `\j XV[X _`X b �b `X U�^ YVU qX`Xj _Z ^ \VfZfW_WYc r[`
X ∈ [1, 99; 2, 01]

d RS Z^^ _Wr[` _Z
b �b ` b cYU V]`j `Y VS TVbb `ST` ^ Z\ T`SY\`\ `Y \c][W\` _Z eZ\WZf_` Z_cZYVW\`

X
� VS TVSXW]q\` _Z eZ\WZf_` Z_cZYVW\`

X∗ :=
X − m

σ
j ]VSY VS XZWY r[ h̀ _ _` X[WY [S` _VW � V\b Z_` N (0; 1)

d
RS Z Z_V\X

(1, 99 ≤ X ≤ 2, 01) =

(

1, 99 − m

σ
≤ X − m

σ
≤ 2, 01 − m

σ

)

= (−2 ≤ X∗ ≤ 2),

TZ\
m = 2j `Y

σ = 0, 01
d RS Z ]VST

P(X ∈ [1, 99; 2, 01]) = P(1, 99 ≤ X ≤ 2, 01) = P(−1 ≤ X∗ ≤ 1)
d � ZWX

TVbb `
X∗
 N (0; 1)j VS Z

P(X ∈ [1, 99; 2, 01]) = P(−1 ≤ X∗ ≤ 1) = 2Π(1) − 1 ' 2 × 0, 8413− 1 ' 0, 6826.

KLMN OPM � RS eV[]\ZWY `XYWb `\j XV[X _`X b �b `X U�^ YVU qX`Xj _Z ^ \VfZfW_WYc r[`
X ∈ [1, 97; 2, 03]

d RS Z^^ _Wr[` _Z
b �b ` b cYU V]`j `Y VS TVbb `ST` ^ Z\ T`SY\`\ `Y \c][W\` _Z eZ\WZf_` Z_cZYVW\`

X
� VS TVSXW]q\` _Z eZ\WZf_` Z_cZYVW\`

X∗ :=
X − m

σ
j ]VSY VS XZWY r[ h̀ _ _` X[WY [S` _VW � V\b Z_` N (0; 1)

d
RS Z Z_V\X

(1, 97 ≤ X ≤ 2, 03) =

(

1, 97 − m

σ
≤ X − m

σ
≤ 2, 03 − m

σ

)

= (−2 ≤ X∗ ≤ 2),

TZ\
m = 2j `Y

σ = 0, 01
d RS Z ]VST

P(X ∈ [1, 97; 2, 03]) = P(1, 97 ≤ X ≤ 2, 03) = P(−3 ≤ X∗ ≤ 2)
d � ZWX

TVbb `
X∗
 N (0; 1)j VS Z

P(X ∈ [1, 97; 2, 03]) = P(−3 ≤ X∗ ≤ 3) = 2Π(3) − 1 ' 2 × 0, 99865− 1 ' 0, 9973.

KLMN OPM � RS eV[]\ZWY `XYWb `\j XV[X _`X b �b `X U�^ YVU qX`Xj _Z ^ \VfZfW_WYc r[`
X ∈ [1, 99; 2, 03]

d RS Z^^ _Wr[` _Z
b �b ` b cYU V]`j `Y VS TVbb `ST` ^ Z\ T`SY\`\ `Y \c][W\` _Z eZ\WZf_` Z_cZYVW\`

X
� VS TVSXW]q\` _Z eZ\WZf_` Z_cZYVW\`

X∗ :=
X − m

σ
j ]VSY VS XZWY r[ h̀ _ _` X[WY [S` _VW � V\b Z_` N (0; 1)

d
RS Z Z_V\X

(1, 99 ≤ X ≤ 2, 03) =

(

1, 99 − m

σ
≤ X − m

σ
≤ 2, 03 − m

σ

)

= (−2 ≤ X∗ ≤ 2),
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TZ\
m = 2j `Y

σ = 0, 01
d RS Z ]VST

P(X ∈ [1, 99; 2, 03]) = P(1, 99 ≤ X ≤ 2, 03) = P(−1 ≤ X∗ ≤ 2)
d � ZWX

TVbb `
X∗
 N (0; 1)j VS Z

P(X ∈ [1, 99; 2, 03]) = P(−1 ≤ X∗ ≤ 3) = Π(3) − Π(−1)
= Π(3) − (1 − Π(1)) = Π(3) + Π(1) − 1
' 0, 99865 + 0, 8413− 1 ' 0, 83995.
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��ty}�N M Q� � VWY

X
[S` eZ\WZf_` Z_cZYVW\` a Z[XXW`SS` X[WeZSY [S` _VW � V\b Z_` N (m; σ)

d � _V\X

E(X) = m j V(X) = σ2
`Y

σX = σ.
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X

=2 =2@37;:
fX

�

E(X) =

∫ +∞

−∞
x.fX(x)dx = lim

A→−∞
lim

B→+∞

∫ B

A

x.fX(x)dx.

�<72@;
A; B ∈ R

� 542>
A ≤ B

F � 7
X

3C7; C@2 9<7 
<6A592 N (m; σ)
�

E(X) = lim
A→−∞

lim
B→+∞

1

σ
√

2π

∫ B

A

xe−
1

2
(x−m

σ )
2

dx.

�@ E<35@;
t =

x − m

σ

� 79 472@;
dx = σdt

� 2; =<@> ∫ B

A

xe−
1

2
(x−m

σ )2

dx = σ

∫
B−m

σ

A−m

σ

(m + σt)e−
t
2

2 dt
F 
 6 9<63�C2

A → −∞ � <@ 5 A − m

σ
→ −∞� 2; 9<63�C2

B → +∞ � <@ 5 B − m

σ
→ +∞ F � 7@ 37 �

E(X) = lim
A→−∞

lim
B→+∞

σ

σ
√

2π

∫ B

A

(m + σt)e−
t
2

2 dt = lim
A→−∞

lim
B→+∞

(

1√
2π

m

∫ B

A

e−
t
2

2 dt + σ
1√
2π

∫ B

A

te−
t
2

2 dt

)

.
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lim

A→−∞
lim

B→+∞

(

1√
2π

m

∫ B

A

e−
t
2

2 dt

)

= m
>56

lim
A→−∞

lim
B→+∞

(

1√
2π

∫ B

A

e−
t
2

2 dt

)

= 1
�95 �<@>H

;7<@
t 7→ 1√

2π
e−

t
2

2

:;5@; C@2 =2@37;: =2 E6<858797;: � F � �5C;62 E56; � C@2 E67A 7;742 =2
te−

t
2

2

23; −e−
t
2

2

� =<@>
∫ B

A

te−
t
2

2 dt =
[

−e−
t
2

2

]B

A

= −e−
B

2

2 + e−
A

2

2

F �<AA2
lim

A→−∞
lim

B→+∞

(

−e−
B

2

2 + e−
A

2

2

)

= 0
� <@ 5 =<@> 	@592A 2@;

E(X) = m.
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E(X2)

F

E(X) =

∫ +∞

−∞
x2.fX(x)dx = lim

A→−∞
lim

B→+∞

∫ B

A

x2.fX(x)dx.

�<72@;
A; B ∈ R

� 542>
A ≤ B

F � 7
X

3C7; C@2 9<7 
<6A592 N (m; σ)
�

E(X) = lim
A→−∞

lim
B→+∞

1

σ
√

2π

∫ B

A

x2e−
1

2
( x−m

σ )2

dx.

�@ E<35@;
t =

x − m

σ

� 79 472@;
dx = σdt

� 2; =<@> ∫ B

A

xe−
1

2
(x−m

σ )2

dx = σ

∫
B−m

σ

A−m

σ

(m + σt)e−
t
2

2 dt
F 
 6 9<63�C2

A → −∞ � <@ 5 A − m

σ
→ −∞� 2; 9<63�C2

B → +∞ � <@ 5 B − m

σ
→ +∞ F � 7@ 37 �

E(X) = limA→−∞ limB→+∞
σ

σ
√

2π

∫ B

A
(m + σt)2e−

t
2

2 dt

= limA→−∞ limB→+∞

(

1√
2π

m2
∫ B

A
e−

t
2

2 dt + σ2 1√
2π

∫ B

A
t2e−

t
2

2 dt + 1√
2π

mσ
∫ B

A
te−

t
2

2 dt
)

= m2 + limA→−∞ limB→+∞
σ

2

√
2π

∫ B

A
t2e−

t
2

2 dt,
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lim

A→−∞
lim

B→+∞

1√
2π

∫ B

A

e−
t
2

2 dt = 1
� 2;

lim
A→−∞

lim
B→+∞

1√
2π

∫ B

A

te−
t
2

2 dt = 0
F
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A

2;
B

:;5@; 	I:3 � ∫ B

A

t2e−
t
2

2 dt =
[

−te−
t
2

2

]B

A

+

∫ B

A

e−
t
2

2 dt
� 2; =<@>

lim
A→−∞

lim
B→+∞

1√
2π

∫ B

A

t2e−
t
2

2 dt = lim
A→−∞

lim
B→+∞

∫ B

A

e−
t
2

2 dt = 1,

>2 �C7 ><@=C7; 	@592A 2@; �
E(X2) = m2 + σ2.

�<C6 ><@>9C62 � <@ C;79732 92 ;B:<6?A 2 =2 �� ��� �� J
V(X) = E(X2) − E(X)2 = m2 + σ2 − m2 = +σ2

F
�59>C 9 =2 9 �:>56;H;�E2 J ><AA2

σ > 0
�
σX =

√
σ2 = σ

� >2 �C7 5>B?42 95 E62C42 F
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